Abstract. The extensive usage of composite materials in modern industrial applications implies a great range of possible structural failure modes for which the structure has to be frequently and thoroughly inspected. Nonlinear guided wave inspection techniques have been continuously gaining attention during the last decade. This is primarily due to their sensitivity to very small sizes of localized damage. A number of complex transformation phenomena take place when an elastic wave impinges on a nonlinear segment, including the generation of higher and sub-harmonics. Moreover, the transmission and reflection coefficients of each wave type become amplitude dependent. In this work, a generic Finite Element (FE) based computational scheme is presented for quantifying guided wave interaction effects with Localized Structural Nonlinearities (LSN) within structures of arbitrary layering and geometric complexity. Amplitude dependent guided wave reflection, transmission and conversion is computed through a Wave and Finite Element (WFE) method. The scheme couples wave propagation properties within linear structural waveguides to a LSN and is able to compute the generation of higher and sub-harmonics for each wave type through a harmonic balance projection. A Newton-like iteration scheme is employed for solving the system of nonlinear differential equations. Numerical case studies are exhibited for a set of waveguides coupled through a joint exhibiting nonlinear mechanical behaviour.
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INTRODUCTION
Modern industrial structures are increasingly made of composite layered materials due to their well-known benefits. Composite structures may however exhibit a great variety of structural failure modes (including delamination, fibre breakage, matrix cracking and debonding) and must be frequently inspected in order to ensure continuous structural integrity. An increasing tendency within the Structural Health Monitoring (SHM) community is the 'shift to the left' maintenance strategy [1] for which the earliest possible detection of damage is important. When it comes to the aeronautical industry, approximately 27% of an average modern aircraft's lifecycle cost [2] is spent on inspection and repair. The use of 'offline' structural inspection techniques currently leads to a massive reduction of the aircraft's availability and significant financial losses for the operator. The nondestructive detection and evaluation of damage in industrial structural components while operation is of paramount importance for monitoring the condition and residual life estimation of in-service structures. Linear ultrasonic Guided Wave (GW) techniques have been widely employed for this purpose. These techniques however are primarily sensitive to gross defects but much less sensitive to micro-damage. Nonlinear acoustoultrasonic techniques, have been steadily receiving increasing attention during the last decade.
Complex wave phenomena such as higher and subharmonic wave generation, nonlinear resonances or mixed frequency response can be induced by the two principal sources of nonlinearity in the structural system, namely nonlinear elasticity and contact nonlinearity.
Elastic wave distortion and generation of higher harmonics during propagation in nonlinear media has been reported as early as in [3] . The first attempt for modelling wave interaction with nonlinear joints can be found in [4, 5] . It has been widely demonstrated that nonlinear ultrasonic techniques can be successfully deployed for detecting cracks as well as distributed structural deterioration (e.g. fatigue) [6, 7, 8, 9, 10, 11, 12] . The success of the developed methods is based on predicting and measuring the nonlinearities-induced wave effects which are pronounced in damaged and degraded structures but nearly un-measurable in the undamaged ones. A number of Nonlinear Elastic Wave Spectroscopy (NEWS) approaches [13, 14, 15] have also been presented and proved capable of detecting the presence of damage of very small sizes (in the order of 0.1mm) in composite structures. Wave propagation and material degradation detection in 1-D and 2-D media was investigated through a spring model in [16, 17] . A numerical scheme for predicting nonlinear wave interaction with an interface of rough surfaces in contact was presented in [18] . The non-collinear mixing of bulk shear waves investigated in [19] presented significant potential for assessing material state than other nonlinear ultrasonic techniques because system nonlinearities can be both independently measured and largely eliminated. The development of an analytical framework for modelling the multi-modal guided wave interaction with damage was presented by the authors of [20, 21] . In [22] , a numerical scheme was presented in order to quantify the amplitude of the reflected compression and Rayleigh waves when impinging at the edge of an elastic plate. In [23] the authors coupled linear to nonlinear FE segments and investigated wave interaction with damage in 3-D solid media by means of a Landau's theory. Detection of fatigue damage in composite structures through higher harmonics generations has also recently been reported [24] . The short reviews provided by the authors in [25, 26] are informative on the general progress of nonlinear ultrasonics, while a comprehensive outline on the techniques dedicated to predicting and measuring higher harmonic generation in metallic structures is presented in [27] . An inclusive review on modelling wave-crack nonlinear interaction phenomena can be found in [28] . Despite the aforementioned attempts to capture wave interaction with LSNs, there is currently no generic computational scheme for predicting these quantities for composite structures of arbitrary layering and geometric complexity.
The FE based wave propagation analysis within periodic structures was firstly considered in [29] . The wave dispersion characteristics within the layered media can be accurately predicted for a very wide frequency range, by solving a polynomial eigenvalue problem for the propagation constants to be sought. The work was extended to 2-D media in [30] . The WFE method was introduced in [31] in order to facilitate the post-processing of the eigenproblem solutions and further improve the computational efficiency of the method. The vibration of a uniform waveguide through the WFE technique was investigated in [32, 33] . The WFE method has recently found applications in predicting the vibroacoustic and dynamic performance of composite panels and shells [34, 35, 36, 37, 38, 39, 40] , with pressurized shells [41, 42] and complex periodic structures [43, 44, 45, 46] having been investigated. The variability of acoustic transmission through layered structures [47, 48] , as well as wave steering effects in anisotropic composites [49] have been modelled through the same methodology . The same FE based approach has been employed in order to compute the reflection and transmission coefficients of waves impinging on linear joints of finite dimensions [50, 51] .
In this work, a generic FE-based computational scheme for computing wave interaction with LSNs is presented for the first time. Guided wave reflection, transmission and conversion is computed through a wave and finite element approach. The scheme couples wave propagation properties within linear structural waveguides to a LSN and is able to compute the generation higher and sub-harmonics for each wave type through a harmonic balance projection. The new approach is able to predict reflections and transmissions at harmonic frequencies with a speed that is orders of magnitude faster than conventional transient FE solutions. The structure can be of arbitrary complexity, layering and material characteristics as FE modelling is employed. A Galerkin projection is used to transform the system of nonlinear differential equations of motion into a set of nonlinear algebraic equations which is subsequently solved through a Newton's iteration method. The generation of wave harmonics, as well as amplitude-dependent wave reflection and transmission coefficients are reported through the exhibited numerical case studies. This is the first approach that can accurately and efficiently map the frequency-dependent interactions of guided waves with nonlinearities in arbitrarily complex structures.
The paper is organized as follows: In Sec.2 the formulation of the wave and finite element method for predicting acoustic and ultrasonic GW interaction with LSNs is presented. A description of the Galerkin projection as well as of the Newton's iteration scheme employed for solving the system of nonlinear differential equations is also given. In Sec.3 the proposed method is validated for a number of waveguide types through comparison to full transient FE analyses. Conclusions on the presented work are given in Sec.4.
ELASTIC WAVE INTERACTION WITH STRUCTURAL NONLINEARITIES
An arbitrarily complex and periodic in the x direction waveguide is illustrated in Fig.2 . The propagation constants for the elastic waves travelling in the x direction within the waveguide can be sought through a WFE scheme. In the general case, we are assuming a system of N waveguides connected through a structural coupling element which could exhibit arbitrarily complex mechanical behaviour and which is fully FE modelled (see Fig.2 ). As already stated, each waveguide can be of different and arbitrary layering and can also support a different number W n of propagating waves at a given frequency. An extensive description of how to deal with waveguides having different layouts and meshes can be found in [50] . Each supported 
with similar expressions standing for
. For each waveguide, the local coordinate system is defined such that the waveguide's axis is directed towards the joint (direction +). The rotation matrix R n transforms the DoFs from the local to the global coordinates of the system. Rotation matrices can be grouped in a block diagonal matrix R. The equation of motion for the nonlinear, FE modelled coupling element can be in general written as
with f NL the nonlinear force vector induced by the coupling element's inherent inelastic behaviour and f ext (t) being the external forces applied to the coupling element. Waves of the fundamental excitation frequency ! having amplitudes a !,+ n are impinging on the coupling element from the nth waveguide. For each considered harmonic h!, they give rise to reflected waves of amplitudes a [W N⇥1] the vector containing the amplitudes of the reflected and transmitted outgoing waves produced at the h! harmonic. The complex wave interaction matrix S h! projects the incoming waves a !,+ having a single frequency ! to each of the higher and sub-harmonics h!. Assuming that only waves of a single frequency ! are impinging on the coupling element, a transformation can be defined for the motion in the waveguides between the physical domain, where the motion is described in terms of q and f and the wave domain where the motion is described in terms of waves of amplitudes a !,+ and a h!, travelling in the positive and negative directions respectively, and by concatenating the corresponding vectors and matrices the general expressions for q and f for the system of waveguides can be expressed as
The above expression can be employed to perform a cyclostationary projection of the behaviour of the system through the Harmonic Balance Method (HBM) [52] . It is noted that sin terms are not included in the above expansions as the phase of each wave scattering coefficient is captured by the imaginary part of the sought interaction coefficients a h!, . By performing the convenient substitution ⌧ = !t and grouping the trigonometric terms the following expression can be acquired
with A
!, q
being the generalized displacement wave interaction coefficient vector written as
[jHN⇥1] [53] of the system of nonlinear differential equations of motion.
VALIDATION FOR A LAYERED COMPOSITE BEAM
The presented approach is validated for an asymmetric layered composite beam with aluminium facesheets and a polyurethane core having a cross-section of 8mm⇥12mm and the thicknesses of the layers being equal to 1mm, 10mm and 2mm respectively (see Fig.3 ). The entirety of the propagating waves can be sought through WFE and without the need of any kinematic assumptions for the complex structures, as 3D FEs and displacement fields are employed.
In practice, the wave modes can be excited one-by-one in a full FE transient simulation by employing the WFE computed + q,n eigenvectors and applying them as time-dependent harmonic displacement boundary conditions (of excitation frequency !) at one of the extreme cross-sections of the waveguide. An 11-period Hanning window was used for all transient excitations. The results on the fundamental and harmonic reflections for a nonlinearly hardening element are presented below in Figs.4. Excellent agreement is observed between the fundamental frequency reflection predictions obtained through the presented approach and through a full FE transient response prediction. Moreover, good agreement is observed between the two approaches regarding the reflections computed for the 3! harmonic frequency. The most probable cause of the slight divergence observed between the two sets of results is the fact that in a nonlinear transient FE problem energy is partially also channeled towards other harmonics (higher than the second one), which are not included in the harmonic balance expansion.
CONCLUSIONS
A novel comprehensive FE-based computational scheme was presented for quantifying guided wave interaction with LSNs. Structures of arbitrary complexity, layering and material characteristics can be modelled through the presented approach as an FE discretization is employed. The scheme couples wave propagation properties within linear structural waveguides to LSNs and is able to compute the generation of harmonic frequencies for each wave mode through a harmonic balance projection. The principal outcomes of the work are summarized as follows:
• The presented scheme was validated through comparison with a full FE transient response prediction. Excellent agreement is observed between the two sets of results for the fundamental, as well as for higher harmonic frequency predictions.
• The new approach is able to predict reflections and transmissions at harmonic frequencies with a speed that is orders of magnitude faster than conventional transient FE solutions.
• Generation of higher order harmonics can become maximum at certain frequencies which can be excited for facilitating the detection of certain nonlinearity scenarios (ideally related to the presence of certain damage).
Future developments are focusing towards modelling and implementing realistic damage models as a LSN. Efficient multiscale damage models are essential to implement in order to accurately capture the nonlinear mechanics of advanced damage scenarios, while retaining the size of the FE model and the implied required computational effort at acceptable levels.
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